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Abstract

In this work, we prove the existence of a solution of a class of forward backward
stochastic differential equations (FBSDEs) with Poisson jumps by weakening the
usual Lipschitz conditions on the generator of the backward equation with
jumps and the drift of the forward equation with jumps. These coefficients are
monotonic but can be discontinuous and the diffusion term can be degenerated.

1. Introduction

The aim of this work consists in finding a solution of a class of FBSDE
with random jumps under monotonic hypotheses on the generator of the
backward equation and the drift of the forward equations. More precisely,

we consider the coupled system
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Fully coupled FBSDE can be encountered in various problems: The
probabilistic representation of viscosity solutions of quasilinear PDE’s
(see [B]), the stochastic optimal control among others. In 1999, fully
coupled forward-backward stochastic differential equations and their
connection with PDE have been studied intensively by Pardoux and Tang
(see [17]). In 2006, Antonelli and Hamadéne (see [1]) gave one existence
result for coupled FBSDE under non-Lipschitz assumption.
Unfortunately, most existence or uniqueness results on solutions of
forward-backward stochastic differential equations need regularity
assumptions. The coefficients are required to be at least continuous, which

1s somehow too strong in some applications.

In 2008, inspired by [1], Ouknine and Ndiaye (see [15]) gave the first
result, which proves existence of a solution of a forward-backward
stochastic differential equation with discontinuous -coefficients and
degenerate diffusion coefficient where, moreover, the terminal condition
1s not necessary bounded. However, there is few results about reflected
forward-backward stochastic differential equation in which the solution of

the BSDE stays above a given barrier.

In [16], Ouknine and Ndiaye gave an extension of [15] with the
obstacle constraint. Our work can be also seen as an extension of [15]

with random jumps.
2. Assumptions and Notations

Let [0, T] be a fixed time interval. We will always take s in [0, T'].
Let (Q, 7, P) be a complete probability space, W be a d-dimensional

Brownian motion defined on this space, and a Poisson random measure p
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on R, x E, where E is a compact set of R?, endowed with its Borel field
£. We also assume that the Poisson random measure p is independent of
W, and has the intensity measure A(de)dt for some finite measure A on
(E, £). We set n(dt, de) = u(dt, de) — M(de)dt, the compensated measure
associated to pu. We denote by F = (F, )te[O,T] the augmentation of the

natural filtration generated by W and p, and by P the o -algebra of
predictable subsets of Q x [0, T'].

We will work with these following spaces of processes:

- 82, the set of adapted and continuous processes V = (Vi )o<<r

such that
V2, = E( 1% 2) < o,
Vlge =B sup [Vi[" ] <
. H2, the set of F, -progressively measurable processes Z, such that
T
ZI2, =E J Z%ds| < .
2 - 5| |12, as] <

« LP(), p > 1, the set of P ® E -measurable maps U : Qx[0, T|x E - R
such that

08, = | [ ] oo ataerat | < o

L£P ()
3. Main Result

The main result of this work is given in the next theorem.

Theorem 3.1. Let b : [0, T]x R x R — R be a measurable and bounded
function such that for all s e |0, T], b(s, .,.) is increasing and left

continuous.
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Let f:[0, T]x RxR xR — R be a measurable and bounded function
such that for all se[0,T], zeR,f(s,. . z) is increasing, left

continuous, and Lipschitz with respect to z uniformly in x, y, and s, i.e.,

JA e R} such that
If(s, x, y, 2) = f(s, x, 3, 2) < Az - 2]), sel0,T], «x, 522 R

Let c:[0,T]xR — R be a continuous function satisfying the

following conditions:
lo(s, x)| < AQ + |x]),
and
lo(s, x) —o(s, )| < Alx - x|, se[0,T], x, xR

Let B: Rx E — R be a measurable map satisfying for some positive

constants C and kg,
sup|B(s, x)| < C,
eck
and
sup|B(x, ) - B(x', e)| < kylx - x'.
eck

Let T be a random variable Frp -measurable and square integrable.

Then, the following fully coupled reflected forward-backward

stochastic differential equations:
t t t
X, =x+ I b(s, X, Y, )ds + J ols, X, )dW, + j I B(X _, e)ii(de, ds),
0 0 0JE
T T T
Y, =T+ J f(s, X, Yy, Z )ds —J' Z,dW, - j' j' U, (e)i(de, ds),
t t t E

@

has at least one solution (X, Y, Z,U) € 82 ® 82 ® HZ ® £L2(]i).
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Before proving the main result, we will give two lemmas: an
approximating one for increasing coefficients, which plays an important
role in its proof (see [15] for the proof) and another on the comparison of
solutions of BSDEs with jumps, whose proof will be given below.

Lemma 3.2. Let b:[0, T]xRxR — R be a measurable function, bounded
by M and such that for all s e [0, T], b(s,.,.) increasing and left

continuous.

Then, it exists a family of measurable functions (b,(s, x, y), n > 1,

s e [0, T], x, y € R) such that:
(1) for all sequence (x,, y,) T (x, ), (x, y) € R, we have
lim b,(s, x,,, ¥,) = b(s, x, ¥);
n—>o0
(13) (x, ¥) = b,(s, x, y) is increasing, forall n > 1, s € [0, T'];
(13) n = b,(s, x, y) is increasing, forall x e R, y e R, s € [0, T];

(14) [bn(s, %, ¥) = by(s, &', ¥)| < 2nM(|x — x| + |y = ¥]), for all n>1,

sel0,T], M € RY;

(15)sup sup sup |b,(s,x, ¥)|< M, foralln>1,s€[0,T], x, y e R.
n>1 se[0,T]x,yeR

Lemma 3.3. Consider (Y, Z, U) and (Y', Z', U') the respective solutions

of the following BSDEs with jumps, which generators are globally
Lipschitz:

T T T
Y, =T+ J' f(s, Yy, Z,)ds - I Z,dW, - J' J' U, (e)i(de, ds),
t t t E

T T T
Y, =T +I f(s, YL, Z.)ds -J' Z.dW, -I I U (e)ii(de, ds).
t t t E

Assume that P-a.s. forany t < T, f(¢t, Y/, Z;) < f'(¢, Y}, Z;) and T < T".

Then P-a.s, vVt <T,Y; <Y/
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Proof. Let X = (X;),cp be a rcll semi-martingale, then by using

Tanaka’s formula with the function (x*)? = (max{x, 0})?, we get

(XY = (X5)? -2 "xrax, o[ d[X¢, X°¢]
t - T . s S ; {Xs>0} s S

- D X - (XL)P - 2X T AX ).

t<s<T

Here X°¢ denotes the continuous martingale part of X and AX, =

X, - Xs_.
But the function x € R > (x*)? is convex, then
(X - (X ) -2X" AX,} > 0.
S S
From this, we deduce that
2 T 2 T
(X7 )2 + J 1x »01dlX6, X, < (X5 ) - 2J' X* dX,.
t t s
Now using this formula with Y — Y’ yields

T
(% =¥ + [ yvgo00112, - 24 Pas

< (XF) - 2IT(Y8_ ~YL) (Y, - YY),

Since f(t, Y/, Z;) < f'(t, Y/, Z;) and f is Lipschitz, then there exist

bounded and F; -adapted processes (ug ), and (vg),<p such that

f(87 Y57 Zs) = f(sa Ys" Z.;)J'_ uS(YS _YS,)+US(ZS _Z;)
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Therefore, we have

T
(Y, -Y,)")? +L Liy,-y:50)011Z5 - Z|*ds
T
<2 (YY) (Y, - ¥) 0,2, - Z)ds
T
_ ZL (Y~ Y )" (Z, - Z})dW,

Taking now expectation, using the inequality |a - b| < da]® + ¢ 1[p|*(c > 0),

and Gronwall’s one, we obtain E [((Yt -Y))* )2] =0 for any t < T. The

result follows since Yand Y' are rcll.
Proof of the main result

Consider the following BSDE with jumps:

0 r r 0 T 0
o MI ds —j Z0aw, —J' I U (e)i(ds, de). ®)
t t t E

This equation has a unique solution satisfying ||Yt0 |g2 < oo

Let us also define S as the unique solution of the SDE with jumps
t ¢ t
S, = x +J' Mds+_[ o(s, S, )dW, +j I B(S _, e)i(ds, de).
0 0 0JE s

Step 1. We will show the existence of two increasing processes
(Yk )p>1 and (Xk )ps1 satisfying

T
Ytk =F+I

T T
(s, Xf‘l,Ysk,Zf)ds—J Zdes—L IEUf(e)ﬁ(de, ds),

t

k t k vk t k t k
Xk -« +J b(s, X", Y*)ds +j o(s, X )aw, +j '[ B(X" e )i(de, ds).
0 0 0JE S

)

For n > 1, (b,) is the sequence defined in Lemma 3.2.
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Consider the following SDE with jumps:

0,n t 0,n 0 t 0,n
X0 :x+J' b, (s, X0, ! )ds+I o(s, X0 )dW,
0 0

t
+ jo '[ i ﬁ(Xf;”, e)ii(de, ds). (5)

According to properties (1), (15) and assumptions on B, this equation

has a unique solution. (13) = b, (s, x, YO) < b,,1(s, x, YO). We deduce
from the comparison theorem of SDEs with jumps (see [18], Corollary 3.3)

that the sequence (X" )ns1 1S increasing. Since b, (s, x, YSO) < M, the
comparison theorem of SDEs with jumps implies again V¢ < T, X?n

< S, as.. Therefore, X>" ~ X©.

We will show that X is a solution of the SDE with jumps (5). Since
x%m ~ x0 (1) implies that
lim b, (s, XO", ¥2) = b(s, X0, Y?).

n—oo

The functions b,(s, ., .) are measurable and bounded. The dominated

convergence theorem gives
J';bn(s, X0 y0)ds - I;b(s, X0, Y0)ds.
On the other hand,
E[J'Ot[c(s, x%7) — (s, X2 )]st} < K’E U;|X§)’” - X§)|2ds} -0,
when n — o. From Doob’s inequality, we deduce
J' (;G(s, X)W, — J.(;c(s, X0)dw,,

(the limit is taking in the sense of ucp’s convergence).
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Similarly,

B[] 62, o) B ey a9

<5 s [ ], (GO €)X i, o
< 4F { I OT I E|B(X§;n, e) - B(x°, e)|2x(de)ds}

T

43R U j' X0 — XO|2k(de)ds} - 0.
0JE s s

Therefore,

0 t 0 v0 t 0 t 0
X0 -« +J' b(s, X0, YO )ds +J' o(s, X0)dW, +J' I B(XC | e)ii(de, ds).
0 0 0J E s

Thus, the couple of processes (X7, Y2 )sefo, ] is well defined.

Define the random function f 1 by

fl(s7 Y, Z) = f(37 XS((D), Y, Z)'

By hypothesis, the function f is measurable, bounded, increasing, and left
continuous in the y variable. Then, we can construct the following

sequence of functions:
y
fis, v, 2) = nj ) f(s, Xg(m), u, z)du.
Y
(1;),(14), and the Lipschitz’s condition with respect to y and z uniformly
in x provide the existence of a unique triple of processes (Y17,

Zbm Ul e 82 ® H2 ® £2([0) satisfying
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L,n _ r 1 1,n 1,n _ r 1,n _ r Ln/ \~
)" =T+ | fuls, Yo", Zy™)ds Zy"dW, Uy " (e)i(de, ds).
t t t E

(6)
Since the terminal value of the RBSDE with jumps (6) is independent
on n and the function n — f,}(s, ., .) 1s increasing, Lemma 3.3 on the

comparison theorem of RBSDEs with jumps gives us

Now, let us prove the convergence of the sequences (Y}*") ., and
1,
(Zt n)nZO‘

Indeed, it follows from It6’s formula that

T T
YorP e [z s [ s (UFM @A)+ Y (AP

t<s<T

T T
_r2y ZL YLnfl(s, Y2, Zh)ds - 2L yhrzhraw,

r 1,nrsl ~
_2 j j YEPUL (e)i(de, ds).
t JE °-
Let us denote by NN; the local martingale
t L,n,1l,n t Lnyrl,ng v~
IOYS_ Zy N dW, +J.0-[EYS— Ug " (e)i(de, ds).
Then, we have

1,n2 2 T 1,n 1 1,n 1,n
sup |V < T2 + 2 sup |NT—Nt|+2J. Y2n || £ (s, Y2, 207 ds.
0<t<T 0<t<T t

(7
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By Burkholder-Davis-Gundy’s inequality for local martingales, we know

that there exists a constant ¢ such that

E( sup |, |) < 0B (N, NJ2).
0<t<T

A computation gives

T T 1/2
(v, NY?)-E U |Ysl’”|2|Z;’”|2ds+J. j |Ysl’”|2|U§’”(e)|2x(de)ds]
0 0JE
T ) T ) 1/2
< E| sup |Ysl’n|U 1217 2ds + j j UL (o)) k(de)ds]
0<s<T 0 0 JE

€ 2 1 r 2 r 2
S§E[0§§£T|YSM| }+%EUO 17| ds+J.O J.E|U;’”(e)| x(de)dsj,

for any ¢ > 0.
Using boundedness property of f,%, one gets
AVE™| - |fi(s, Y&, ZE)| < 2eM|Yl".
By (8), we have

E[ sup |Y31’n|2} <E [F2]+ (2MT + sg)E[ sup |Ysl’n|2}
0<s<T 0<s<T

T T
+£E“ |Z§’”|2ds}+£E“ J|U§’"(e)|2k(de)ds}.
€ 0 € 0JE

Finally, by choosing (2MT + gp) < 1, we obtain E{ sup |Ytl”|2} < o,
0<t<T

Let Y} = liminf Y}", ¢ < T. Since the sequence (Y"") , is non-
n—oo -

decreasing, then wusing Fatou’s lemma, we have that for any
t<T, Yt1 < o, and then P-a.s., Ysl’n - Ys1 as n — o. In addition,

the Lebesgue’s dominated convergence theorem implies that
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T
EUO |ylr - Yg|2}ds — 0 as n — . For the sequence (Z}") .., let

us apply the Itd’s formula to the function x — |x|2 and the difference of

processes Ysl’k - Ysl’h between s and 7. Then

T T
PR P [zt - 2 s ] (U @) - U )P 1de)ds

T
Y AR Y o R Y[R (s, IR 21

t<s<T

T
- A YN 2 ds - (Pt -y (bt -zt aw,

o [ Ry ) - U s, de) ®
t JE °- -

Taking the expectation in each member of (8) and taking into account

t
that the stochastic integrals (JO(YSLk - Ysl’h N ZLbF - zLMyaw, Jo<i<r and

t - .
(J‘OJ‘E(YS{’k - Ysljh)(Ug’k(e) - Ug’h(e))p(ds, de))y<,<p are martingales

leads to

T T
B I -y [Tzt - 2 Pas s [ 0 - U o]

T
< 2R [ j (VPR - YR [fe(s, YRR, 23 %) - (s, Y, Z;’h)]ds}.
t
Hélder inequality, we have

T
a([ |zb* - zk"Pas)

T
< E@Ysl’k YRR 4 jo |zLk — ZLh 2 ds
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J [ ok - vt epaaeas
T 1
< Ki[B(] TR (s ¥R, 20" - s, ¥R, 2E ) Pas)e

T
x [E(IO (YLE — YL 2a5)s - o,

because the functions flk are bounded and the sequence (Ytl’k),eZl is

convergent.
So, the sequence (Ztl’n)nzo is a Cauchy sequence in H2. Thus, it

converges to a limit Z! € H2. Here K, is a constant.

Similarly, the sequence (Utl’n)nZO is a Cauchy sequence in L£2(fi).

Thus, it converges to a limit U e £2(}).

On the other hand, (Y&", Z™) - (Y1, Z!) and because of (17), we

have
fals, Yo", Zg™) > H(s, Yy, Z3) = f(s, X4, Yy, Zg).

Since the functions f,} are measurable and bounded, the dominated

convergence theorem implies

T T
lim [ 71(s, X0, YL, Z1)ds = j' f(s, X0, YL, ZL)ds.
t t

n—ow

We also have

r 1 r 1
j ZLraw, _>_[ Zldw,.
t t
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Moreover ITJ UL (e)i(de, ds) > ITJ- Ul(e)i(de, ds) in the sense
) Vg pae, . g slemae

that

2
E ﬂ LT J-E(U}n(e) = Us(e))i(de, ds)} } -E { LT IE‘U;JL (&)~ U (e)P(de) ds} o,

as n — oo.

Finally, we obtain a triple (Ytl, Ztl, Ut1 Jo<i<r satisfying the following

equation:

1_ T 0 vi v (Lo (7 1\~
Yy =T+ | f(s, X5, Y5, Zg)ds Z,dWy U (e)i(de, ds).
t t t JE

Taking the limit, we also have V¢ < 7T, Y < ¥}, and e |g2 < oo

Next, consider the forward component linked with Yl,

t t
X" = [ by, X2 Y2 )ds + [ ofs, X2 )aW,
0 0

t
+ .[0 IEB(Xi;n, e)ii(de, ds). )

Since Y < Y and (b,(s, ., .)),( is increasing in space and with respect

to n, we have
b, (s, x, YSO) <b,(s, x, Ysl) < bya(s, x, Y1),
we also have through the comparison theorem of SDE with jumps that
vi<T, X)"<Xp"< Xt (10)
Repeating what we have done on the construction of X 0 we can show

the existence of a process X 1in 82, which is an increasing limit of the

sequence (X"") _, and such that
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t t
VE<T, X!-=x +J' b(s, XL, Y1)ds +J' ols, X1)dW,
0 0

' L:IEﬁ(Xi_, e)i(de, ds).

Taking the limit in (10), one gets Vi < T, Xto < th

Having found a solution (X!, Y', 2}, U') e 8? ® 82 ® H2 ® £2(})
of (1), we can proceed by induction to find the anticipated solution.

Step 2. Let us suppose that we built the sequence of solutions
(X%, Y!, Z1, U) forall i <k -1, ie, foralli=1,-,k—1and t<T,
. t o t . t .
X = x +j b(s, X1, Y;)ds+j ols, X1 )dW, +J' J' X', e)i(de, ds),
0 0 0JE s

. T . . . T . T .
Y, =T+ j f(s, X1, vE, Z3)ds - j z;dws—j j Ui (e)ii(de, ds).
t t t E

Fort < T, X; " < X}, ¥/ <Y/, and |¥/| s < oo
Define the random function
(s, 3, 2) = (s, XE M), , 2).
By hypothesis, f k (s, v, z) is measurable and bounded. Then, we can build
the sequence of functions f,f satisfying (1), (13), (13), (14), and (15).

Now, consider the following BSDE with jumps:

T T T
Yy =T +I h(s, Yk, Zhnygs —I zkraw, —j j U (e)ii(de, ds).
t t t E

Since f*(s, v, 2) = f(s, X} (0), 5, 2), (s, 3, 2) = f(s, XE2(0), 5, 2),
and Xffl < X§72, the increase of the function f in x implies that
(s, v, 2) < f*(s, y, z2). What allows us to say that ff_l(s, y, 2) <

f,f(s, v, 2), Yn > 0. Thus, the comparison’s Lemma 3.3 for BSDEs with

jumps gives us
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Vi< T, YFLm<yhn (11)
The same calculations done with Ytl’" show that

sup ||Yk” |g2 < oo (12)
n,k

We deduct that from it the sequence (Y*7" Juso s convergent in S toa

process denoted Yk,
The same calculation made with Ztl’” allows to say that the sequence
(Z k.n Juso s convergent in S? to a process denoted Z*. Then
(Y&, ZE") — (Y, Z§) and Y20 /Y
By virtue of (1;), we have
Lim f(s, Y0, Z87) = 2, YE, Z5) = f(s, XL YE, Z0),

Since the functions f,f are measurable and bounded, the dominated

convergence theorem implies

T T
lim [ 75(s, YO, ZB7)ds = I f(s, XEL YR, Z8)ds.
t

n—© JJ ¢

On the other hand, X" — X%,

T T
Moreover, jt JEUf’n(e)ﬁ(de, ds) — L JEUf (e)i(de, ds) in the

sense that

E{U ] Wk - Ulenicae ds)ﬂ

_ E[ j tT j E|Uf’"(e) - Uf(e)|2x(de)ds} S0,

as n —» o,
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As in the previous step, we obtain a triple (Ytk, Ztk, Utk o<i<T

satisfying the following equation:
k r k-1 k k r k r R\~
Y, :“I f(s, XE1, vk, 7} )ds—J. stWs—I J' U (e)ii(de, ds).
t t t JE

Taking the limit in (11) and (12), together with V¢ < 7', Y*™! < Y/ leads

to ¥z < oo.

The sequence (Y* ) is increasing and bounded, it converges on one

process, which we shall denote by Y;,. We need to show now that the

sequence (Z k ) is a Cauchy sequence.

Applying the Itd’s formula to the function x |ac|2 and to the process

Y® —Y" between t and T, we obtain

T
2 _ _
(o =P = o ¥ A XE Y 2 - s X7 Y] 2 las

T
s > A E vty —L \Zk — Zk|2ds

t<s<T

- J.TJ. |U§ (e) - Uf(e)|2x(de)d3
t JE
_2JT(YSk _Ysh )(Zf’ —Zf)dWs
¢ - _
- 2.[;:T J.E(YSIi B Ys}i )(Uf (e) - Ush (e)n(ds, de).

But (fé(Ys’f ~YP)(ZE - Z2P)aW, )oeyep and (jéjE(Ysk_ YR ) (Uk(e) -

U (e))i(ds, de))y;<y are martingales. As previously, by taking the

expectation in each member and by using Ho6lder’s inequality, we obtain
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T
EU |zk - Zsh|2ds}
0

Do |—=

< z{E[ [0, Xt wE 2 gt X 2 )]2dsﬂ

1

v [E( J' OT (Yk - yh )2dSJ:|§.

T
But because f(s, ., ., .) is bounded and Y® —Y" 55 0, we have E[IO |Zk

S

- Z?|2ds] — 0. Then (2" )eso is a Cauchy sequence in H? with
Z = lim Z*.
k—w
Similarly, the sequence (U* )eso is a Cauchy sequence in £2([) with

U = lim U,
k—x©

Let us return to the forward component and let us consider the SDE
with jumps

kyn t ko vk t k,n
X} =x+J b, (s, X ,Y;)ds+j o(s, X5 )aw,
0 0

" .“(jJ.EB(an’ e)ii(de, ds).

By repeating the same work made with X 1 ie., by changing 1 in &, we

obtain the same conclusion for X* to know

xkLn < xkbr<g, xkr o xk
k t E ok t k t k
X! =x+_[ b, (s, X", Y )ds+J‘ o(s, X )dw, +j j B(X" | e)i(de, ds),
0 0 0JE s

X< xF<s,.
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The sequence (X" ) is increasing and bounded above, then it converges

in H? toa process denoted X.

By the left continuity of b, we have b(s, XX, Y*) - b(s, X,, Y,)

when & — .

Since the function b(s, ., .) is measurable and bounded, the dominated

convergence theorem implies
t F_— ¢
I b(s, X, YF) > I b(s, X,, Y, )ds.
0 0
On the other hand,

EUt[G(s, xk) — ofs, Xs)]zds} < KQEUt|Xf - XS|2ds} >0,
0 0

when n — » since X* — X,. Then J‘(')G(S, XEyaw, - I(;c(s, X, )dW;.

Moreover,
B[], 000k o1, e, a5
<5 sup [ [ (X 0)-pOX e, ao)?
< 4F UOTfEm(Xk e)-B(X _, e)|2k(de)ds}
< 4kZE UOT J Xt -x |2x(de)ds} 0.

Then j O j E(B(Xf_, e))i(de, ds) — j 0 j o (B(X_, e)i(de, ds). So,

t t t -
X, = x+ Iob(s, X,, Ys)ds+JOG(s, X, )dW, +J0IE(B(XS_, ¢))ii(de, ds).
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Let us show now that V¢ < T, (X;, Y;, Z;, U, ), satisfies
T T T
th =T +J f(S, Xs, Ys’ ZS )dS _j‘ ZSdWS _'[ J Us(e)ﬁ(de’ ds) (13)
t t t JE

Since lim th =X, lim Ytk =Y, lim Ztk = Z, and f is left continuous in
k—o0 k—o k—o0

y and Lipschitz in z
f(X.f’ YSk’ Zf) - f(XS7 YS’ ZS)

Moreover f is measurable and bounded, then the dominated convergence

theorem 1mplies that

r k k k r
I f(s, XE, YR, 7%)ds —>J' f(s, X,, Ys, Z,)ds.
t t

T
On the other hand, Z* — Z,. So ]EI |ZF - Z|?ds — 0, leading to
0

I()TZdes > | OTZSdWS. Moreover, LT jEUf(e)ﬁ(de, ds) —> jtTjEUs(e)

li(de, ds) in the sense that

z ﬂ ["] whe - vee, dS)T}

- R { J tT J E|U§(e) - Us(e)|2k(de)ds} -0,

as n — oo.

Finally, Vvt <T, (X, Y;, Z;, U;),.p clearly satisfies (13) and the

proof ends.
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